Semi-theoretical approach for energy dissipation estimation at hydraulic jumps in rough sloped channels by Palermo, Michele & Pagliara, Stefano
Semi-theoretical approach for energy dissipation estimation at hydraulic 
jumps in rough sloped channels 
MICHELE PALERMO (IAHR Member), Researcher, DESTEC - Department of Energy, 
Systems, Territory and Construction Engineering, University of Pisa, Pisa, Italy 
Email: michele.palermo@ing.unipi.it (author for correspondence) 
STEFANO PAGLIARA (IAHR Member), Professor, DESTEC - Department of Energy, 
Systems, Territory and Construction Engineering, University of Pisa, Pisa, Italy 
Email: s.pagliara@ing.unipi.it  
 
Running Head: Semi-theoretical approach for energy dissipation estimation 
 
 
Semi-theoretical approach for energy dissipation estimation at hydraulic 
jumps in rough sloped channels 
ABSTRACT 
Hydraulic jumps cause a significant flow energy dissipation and generally occur in correspondence 
with hydraulic structures. Nevertheless, the dissipative mechanisms occurring in correspondence with 
this hydraulic phenomenon still requires investigations. There are no systematic studies analysing the 
hydraulic jump energy dissipation for a large range of hydraulic and geometric conditions. To the 
authors’ knowledge, no studies are present in the literature furnishing a complete and exhaustive 
analysis of the dissipative mechanism for rough sloped channels. This study proposes a novel semi-
theoretical and general approach to estimate energy dissipation at hydraulic jumps in rough sloped 
rectangular channels, involving a large range of both hydraulic conditions and bed configurations. Two 
relationships were derived and their predictive capability has been tested with approximately 500 
experimental data from different studies.  
Keywords: Bed roughness; Energy dissipation; Hydraulic jumps; Hydraulic models; 
Hydraulic resistance. 
1. Introduction 
Hydraulic jump is one of the main hydraulic phenomena and it can occur in 
correspondence with many hydraulic structures, including low-head structures, such as block 
ramps, grade control structures, rock sills and rock weirs (among others, Bhuiyan, 
Habibzadeh, Rajaratnam, & Zhu, 2011; Bormann & Julien, 1991; Farhoudi & Smith, 1985; 
Guan, Melville, & Friedrich, 2014; Pagliara, Mahmoudi Kurdistani, Palermo, & Simoni, 
2016; Pagliara, Palermo & Das, 2016; Pagliara, Sagvand Hassanabadi, & Mahmoudi 
Kurdistani, 2015; Scurlock, Thornton, & Abt, 2012).  
Nevertheless, the effects of bed roughness and channel slope on the dissipative 
process are still less explored topics. Many studies analysed hydraulic jump characteristics on 
horizontal rough beds (among others, Carollo, Ferro, & Pampalone, 2007; Ead & Rajaratnam, 
2002; Felder & Chanson, 2016; Hughes & Flack, 1984; Leutheusser & Schiller, 1975; and 
Pagliara, Lotti, & Palermo, 2008), but none of them furnished a general and comprehensive 
analysis of energy dissipation in a large range of hydraulic conditions and bed configurations. 
The mentioned studies mainly focused on the effect of different flow bed resistances induced 
by rough beds on sequent depth ratio. Only very recently, Pagliara & Palermo (2015) and 
Felder & Chanson (2016) have conducted studies to highlight air entrainment contribution on 
the effective water depths. 
Further studies were also conducted to analyse hydraulic jump characteristics on 
smooth adverse-sloped beds (McCorquodale & Mohamed, 1994; Pagliara & Peruginelli, 
2000; Okada & Aki, 1955; Stevens, 1942). In particular, Pagliara & Palermo (2015) extended 
the findings of earlier studies to rough beds (Fig. 1c), concluding that the conjugate depth 
ratio Y = y2/y1 reduces with both relative roughness ks/k and channel bed slope i = tanα, where 
ks is the roughness height (assumed equal to the mean diameter of the channel bed material 
d50), k is the critical depth, and α is the channel bed inclination with respect to the horizontal 
(positive for sloping channels and negative for adverse-sloped channels).  
Similarly, B- and D-jumps on smooth sloping channels (Fig. 1a) were deeply 
analysed by several authors (among others, Bakhmeteff & Matzke, 1938; Chow, 1959; 
Kawagoshi & Hager, 1990; Ohtsu & Yasuda, 1991; Rajaratnam, 1966, 1967). Nevertheless, 
to the authors’ knowledge there are only two studies dealing with hydraulic jump properties 
on sloping rough beds. In particular, Carollo, Ferro, & Pampalone (2013) analysed the B-
jump, whereas Palermo & Pagliara (2017) extended the semi-theoretical approach proposed 
by Pagliara & Palermo (2015) to D-jumps.  
Figure 1 shows all the mentioned configurations, along with the main geometric 
parameters, i.e., the effective conjugate depths y1 and y2, the jump length Lj, the effective top 
(ET) location (virtual channel bed level), and the vertical distances z1 and z2 from a reference 
horizontal plane (z = 0 m) to either the channel bed or ET level at sections 1 and 2, 
respectively. The horizontal bed configuration is a particular case of those illustrated in Fig. 1, 
as it occurs for i = 0. Figure 2 shows two pictures illustrating hydraulic jumps on rough 
sloping channel (Fig. 2a) and on rough adverse-sloped channel (Fig. 2b), respectively.  
But there are no studies dealing with energy dissipation occurring on sloped rough 
beds. Therefore, the aim of this paper is to analyse the dissipative process in a large range of 
both boundary conditions and channel configurations. Namely, approximately 500 
experimental data were carefully analysed. A novel semi-theoretical approach is proposed to 
compute the relative energy dissipation occurring at hydraulic jumps, involving both bed 
roughness and channel slope effects. The findings of Pagliara & Palermo (2015) and Palermo 
& Pagliara (2017) were used to estimate the conjugate depth ratio Y, as they probably furnish 
the most general relationships for Y evaluation in the case of rough sloped rectangular beds. 
Nevertheless, the validity of the proposed approach is general and does not depend on the 
methodology adopted to estimate the conjugate depth ratio Y. To date, this study probably 
provides the most general relationships for energy dissipation estimation in such a large range 
of both hydraulic and geometric parameters. 
 Figure 1 Diagram sketch of a hydraulic jump on (a) smooth sloping bed, (b) smooth adverse-
sloped bed, (c) rough sloping bed and (d) rough adverse-sloped bed. 
 
Figure 2 Pictures showing a hydraulic jump on rough (a) sloping and (b) adverse-sloped beds. 
2. Semi-theoretical approach 
For all the geometric configurations and roughness conditions illustrated in Fig. 1, the 
energy dissipation E1E2 can be computed as follows: 
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where E1 and E2 are the total energy heads at sections 1 and 2, respectively, and q is the unit 
discharge. As specified in the previous section, α is positive for sloping channels (Figs 1a and 
1c) and negative for adverse-sloped channels (Figs 1b and 1d). In addition, in the case of 
rough beds, z1 and z2 are the vertical distances from a reference horizontal plane (z = 0 m) to 
the ET level at sections 1 and 2, respectively. Based on these assumptions and considering 
that Ljsin(α) = z1z2, Eq. (1) can be re-arranged as follows: 
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Note that according to McCorquodale & Mohamed (1994), Okada & Aki (1955), Pagliara & 
Peruginelli (2000) and Pagliara & Palermo (2015), hydraulic jump length Lj can be assumed 
coincident with the roller length Lr for hydraulic jumps on adverse-sloped beds, i.e., Lj  Lr. 
By dividing both the members of Eq. (2) by y1cos(α), we obtain: 
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Nevertheless, considering that:  
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the following equation can be easily derived: 
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Therefore, by dividing the terms of Eq. (3) by the corresponding terms of Eq. (5), the 
following Eq. (6) can be obtained: 
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which can be re-written as follows: 
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or, equivalently, 
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where Er = (E1E2)/(E1z1) is the relative energy dissipation,  = Lj/y1 is the relative 
hydraulic jump length and F1 is the appraoching Froude number at section 1. Eq. (8) 
represents the general expression of the relative energy dissipation for all the mentioned bed 
geometries and boundary conditions.  
Pagliara & Palermo (2015) and Palermo & Pagliara (2017) extended the thoretical Eq. 
(9) by Carollo et al. (2007) to both adverse sloped and sloping beds, respectively. Namely, 
they furnished the following general Eqs (9)-(12) to estimate the conjugate depth ratio Y for 
F1 > 1.5, 0.3  i  0.15 and 0  ks/k  0.45 
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where G1 is the jump parameter and β is the momentum deficit parameter. According to 
Pagliara & Palermo (2015), for i  0 (adverse-sloped and horizontal beds), G1 can be 
computed using the following Eq. (10): 
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Whereas, according to Palermo & Pagliara (2017), for i  0 (sloping and horizontal channels), 
G1 can be expressed as: 
1
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Furthermore, Palermo & Pagliara (2017) showed that the momentum deficit parameter β can 
be computed with Eq. (12) for both adverse-sloped and sloping rough beds, as it only depends 
on the relative roughness: 
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where ks is the roughness heigth, which can be assumed equal to the mean diameter of the bed 
material d50 in the case of uniform gravel bed (Hughes & Flack, 1984; Carollo et al., 2007). 
Finally, Pagliara & Palermo (2015) and Palermo & Pagliara (2017) showed that the relative 
hyraulic jump length Lj can be computed with Eq. (13), where Y is evaluated with Eq. (9): 
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Therefore, by substituting the expressions of Y and  given by Eqs (9) and (13) in Eq. (8), Er 
can be easily estimated for all the mentioned configurations and channel bed boundary 
conditions. Nevertheless, especially for sloping channels, it could be more convenient to 
compute the relative energy dissipation Er* = (E1E2)/(E1z2). Therefore, with similar 
analytical steps, the following expression can be derived: 
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where Y and  can be computed with Eq. (9) and (13), respectively. Equation (14) is an 
alternative general expression for the relative energy dissipation and is valid for F1 > 1.5, 0.3 
 i  0.15 and 0  ks/k  0.45. It should be noted that Eq. (8) and Eq. (14) are analytically 
coincident for i = 0. In addition, they coincides with the well-known expression valid for 
smooth horizontal beds when i = 0 and ks/k = 0. 
3. Results and discussion 
The proposed semi-theoretical approach was validated by using approximately 500 
experimental data derived from different authors. Namely, the preliminary validation of Eq. 
(8) was conducted by steps. Available data relative to horizontal rough beds were grouped 
according to their relative roughness values ks/k. In particular, data were grouped for 0  ks/k 
 0.10, 0.10 < ks/k  0.20, 0.20 < ks/k  0.30, 0.30 < ks/k  0.40, and 0.40 < ks/k  0.50. Then, 
experimental data were plotted in a graph Er vs F1 along with Eq. (8). Note that for 
horizontal beds i = 0, Eq. (8) was plotted assuming the medium value of each relative 
roughness group, e.g., ks/k = 0.25 for ks/k ranging between 0.20 and 0.30. Figure 3 shows 
selected examples of comparison between experimental data derived from Ead & Rajaratnam 
(2002), Hughes & Flack (1984) and Pagliara et al. (2008) and Eq. (8). Overall, Fig. 3 shows a 
good agreement between experimental data and the proposed equation. Furthermore, it is 
worth noting that the relative energy dissipation increases with relative roughness and 
approaching Froude number, i.e., Er is a monotonic increasing function of both ks/k and F1.  
This occurrence is mainly due to the fact that shear stresses increase with both ks/k 
and F1. In fact, the momentum deficit M1M2 (where M1 and M2 are the momentum fluxes at 
the sections 1 and 2, respectively) increases with F1. But, for otherwise identical conditions, 
the integrated shear stress F increases with both ks/k and F1. Note that Carollo et al. (2007) 
stated that F can be expressed as β(M1M2). Thus, according to Eq. (12), β increases with ks/k 
and F is a monotonic increasing function of both ks/k and F1. This effect is further amplified 
by the air entrainment. Pagliara & Palermo (2015) showed that for constant F1, the average air 
concentration increases with ks/k, resulting in a more turbulent flow and in an increase of the 
dissipation rate.  
A similar behavior can be also pointed out for both adverse-sloped channels (Fig. 4) 
and sloping channels (Fig. 5).  
 Figure 3 Energy dissipation for horizontal rough beds (i = 0): comparison of experimental 
data with Eq. (8) for (a) ks/k = 0.05; (b) ks/k = 0.15; (c) ks/k = 0.25; (d) ks/k = 0.35; (e) ks/k = 
0.25; and (f) ks/k = 0.45.  
 Figure 4 Energy dissipation for adverse-sloped beds (i < 0). Comparison of experimental data 
with Eq. (8) for rough beds: (a) ks/k = 0.05 and i = 0.05; (b) ks/k = 0.25 and i = 0.05; and (c) 
ks/k = 0.15 and i = 0.10; and for smooth beds: (d) i = 0.10; (e) i = 0.15; and (f) i = 0.17. 
Figures 4a-c show comparisons of selected examples of experimental data derived from 
Pagliara & Palermo (2015) for adverse-sloped rough beds with Eq. (8), whereas Figs 4d-f 
show the same for data derived from McCorquodale & Mohamed (1994) and Okada & Aki 
(1955) for adverse-sloped smooth beds. In particular, Figs 4a-b show experimental data for i 
= 0.05 and ks/k = 0.05 and 0.25, respectively, along with the plot of Eq. (8), where Y is 
calculated with Eq. (9) and G1 with Eq. (10). Figure 4c shows the same for ks/k = 0.15 and i = 
0.10. Finally, Figs 4d-f compare Eq. (8) with experimental data on smooth adverse-sloped 
beds for i = 0.10, 0.15 and 0.17, respectively. It can be easily observed that Eq. (8) well 
represents experimental data trend. In general, a slight deviation can be pointed out for very 
high relative roughness and low F1. For these conditions, the conjugate depth ratio Y is 
strongly affected by the parameter ks/k (Carollo et al., 2007; Hughes & Flack, 1984; and 
Pagliara & Palermo, 2015). In particular, Pagliara & Palermo (2015) showed that Y values are 
more spread due to eventual rooster tails formation, thus resulting in a slight underestimation 
of the relative energy dissipation. 
Same considerations apply for sloping channels. Figure 5 shows two selected 
examples of experimental data derived from Palermo & Pagliara (2017) along with the 
respective plots of Eq. (8).  
 
 
Figure 5 Energy dissipation for sloping rough beds (i > 0): comparison of experimental data 
with Eq. (8) for: (a) ks/k = 0.05 and i = 0.05; and (b) ks/k = 0.35 and i = 0.15. 
 
Also in this case, there is a substantial agreement between the semi-theoretical predicting 
equation and experimental data. Nevertheless, especially for lower ks/k, a slight deviation 
between measured and predicted values of the variable Er can be pointed out. This slight 
difference could be due to practical difficulties to correctly assess hydraulic jump length for 
sloping channels (Kawagoshi & Hager, 1990; Ohtsu & Yasuda, 1991). In fact, for adverse-
sloped channels, the hydraulic jump length can be assumed coincident with the roller length, 
thus resulting in an easily measurable characteristic. Conversely, for sloping channels, 
hydraulic jump length assessment is more difficult and can cause a slight under- or over-
estimation of the control volume weight. Nevertheless, for practical applications, this slight 
deviation can be considered negligible. 
Overall, it can be observed that Er is a monotonic increasing function of the bed 
slope i (Fig. 6). This occurrence can be easily explained considering that the conjugate depth 
ratio Y is a monotonic increasing function of i (Ohtsu & Yasuda, 1991; Okada & Aki, 1955; 
Pagliara & Palermo, 2015; Palermo & Pagliara, 2017). In particular, the effect of the variable 
i on Er is more significant for sloping channels than for adverse-sloped channels. 
 
Figure 6 Bed slope effect on the energy dissipation on smooth beds. 
Based on the previous observations and preliminary validations, the predictive capability of 
Eq. (8) was tested using all the available data. For horizontal rough beds (Fig. 7a), both data 
derived from Hughes & Flack (1984) and Pagliara et al. (2008) are very well predicted 
(within 15% deviation). Conversely, a higher deviation can be pointed out for data derived 
from Carollo et al. (2007). Nevertheless, also in this last case, most of the data are well 
estimated by Eq. (8). The higher deviation can be observed for those data characterized by 
relatively small y1 values, for which the measurement uncertainties are more significant. 
Similarly, Fig. 7b shows that Eq. (8) well predicts experimental data derived from 
McCorquodale & Mohamed (1994), Okada & Aki (1955) and Pagliara & Peruginelli (2000) 
for smooth adverse-sloped beds. Whereas, a relatively higher deviation can be observed for 
data relative to both rough adverse-sloped and rough sloping beds (Fig. 7c), particularly for 
those data characterized by higher ks/k and lower F1 values, for which the eventual formation 
of rooster tails makes more difficult the assessment of the conjugate depth ratio. Overall, Eq. 
(8) reasonably well predicts all experimental data and, to the authors’ knowledge, is the most 
general equation present in the literature valid in such a large range of parameters.  
Same considerations apply for Eq. (14), whose analytical derivation is essentially 
identical to that reported for Eq. (8).  
 Figure 7 Comparison between measured and computed (with Eq. 8) values of the variable Er 
for: (a) horizontal bed (i = 0); (b) smooth adverse-sloped bed (i < 0); and (c) adverse-sloped 
and sloping rough beds (i < 0 and i > 0). 
4. Conclusions 
This paper analysed the energy dissipation at hydraulic jumps in rectangular sloped channels. 
Two general equations were proposed to estimate the relative energy dissipation in a large 
range of hydraulic parameters and geometric conditions. In particular, the proposed general 
equations are theoretically derived and do not depend on the methodology adopted to estimate 
the conjugate depth ratio. In the present study, the findings of earlier studies of the same 
authors were used to estimate Y. The predictive capability of theoretical equations was tested 
by using data from different authors, involving different geometric configurations and 
boundary conditions, i.e., smooth and rough horizontal, adverse-sloped and sloping 
rectangular channels. The analysis of experimental data showed that energy dissipation 
strongly depends on the relative roughness and on the channel bed slope, i.e., it is a 
monotonic increasing function of both relative roughness and bed slope. To the authors’ 
knowledge, the proposed relationships are the most general present in the literature and can be 
considered valid tools to estimate the energy dissipation at hydraulic jumps.   
Notation 
d
50
 = mean diameter of the bed material (m) 
E
1
 = total energy head at section 1 (m) 
E2 = total energy head at section 2 (m) 
F
1
 = Froude number at section 1 (-) 
F = integrated shear stress per unit width (Nm
-1) 
g = gravity acceleration (ms-²) 
G
1
 = adverse jump parameter (-) 
i = channel bed slope (-) 
k = critical depth (m) 
ks = roughness height (m) 
Lj = hydraulic jump length (m) 
L
r
 = length of roller (m) 
M
1
 = y
1
U
1
2 momentum flux per unit width at section 1 (Nm-1) 
M
2
 = y
2
U
2
2 momentum flux per unit width at section 2 (Nm-1) 
q = discharge per unit width (m2s-1) 
U
1
 = average velocity at section 1 (ms-1) 
U
2
 = average velocity at section 2 (ms-1) 
Y = y
2
/y
1
 sequent depth ratio (-) 
y
1
 = effective upstream depth of the hydraulic jump (m) 
y
2
 = effective downstream depth of the hydraulic jump (m) 
z
1
 = vertical distance from a reference horizontal plane to channel bed at section 1 (m) 
z
2
 = vertical distance from a reference horizontal plane to channel bed at section 2 (m) 
 = angle of the bed slope respect to horizontal (rad) 
β = momentum deficit parameter (-) 
 = specific weight (Nm-3) 
Er = (E1E2)/(E1z1) relative energy dissipation (-) 
Er* = (E1E2)/(E1z2) relative energy dissipation (-) 
 = water density (kgm-3) 
 = non-dimensional length of the jump (-) 
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